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We study the Landau gauge gluon propagators in dense two-color QCD at quark chemical poten-
tial, µq, in the range from 0.5 to 1.0 GeV not reachable by the perturbative method at weak coupling.
In order to take into account the non-perturbative effects, at tree level we use the massive Yang-Mills
theory which has successfully described the lattice results of the gluon and ghost propagators in the
Landau gauge. We couple quarks to this theory and compute the one-loop polarization effects. The
presence of the gluon mass significantly tempers the medium effects and uncertainties associated
with the strong coupling constant αs. The diquark condensate in two-color QCD is color-singlet,
for which neither electric nor magnetic screening masses should appear at the scale less than the
diquark gap. The presence of the gap helps to explain the lattice results which are not very sensitive
to the quark density. Meanwhile we also found the limitation of the one-loop estimate as well as
the lack of some physics in perturbative medium corrections.
I. INTRODUCTION
A highly compressed matter of quantum chromody-
namics (QCD) is expected to transform from a hadronic
to a quark matter when baryons overlap; then quarks
(and gluons) start to directly contribute to equations of
state as well as transport properties of the matter [1].
Considering the size of hadrons of ∼ 0.5-1 fm the tran-
sition should occur around the baryon density nB ∼ 5-
10n0 (n0 ' 0.16 fm−3: nuclear saturation density) or
quark chemical potential µq = 0.5-0.8 GeV [2, 3]. Such
dense matter may be realized at the cores of the two-solar
mass neutron stars discovered in binary systems [4–6] in-
cluding the most recent one with the mass 2.17+0.11−0.10 solar
mass at 68.3% confirmation level [7].
The direct QCD calculations for quark matter have
been based on the perturbation theory and carried out to
3-loop order [8–10]. But these calculations at µq . 1 GeV
or nB . 50n0 show that the perturbative series do not
converge well [9], or the renormalization scale depen-
dence is large [10]. These QCD calculations, together
with the estimate of the onset density of quark matter,
suggest that matter at µq = 0.5-1 GeV is strongly cor-
related quark matter [2]. In order to explore this region
one needs to develop a framework based on quarks and
gluons but must retain strong coupling effects.
Concerning the strong coupling effects at finite den-
sity, the theoretical description of the confinement-
deconfinement phenomenon remains a difficult problem,
see [11] for various theoretical scenarios. But for a mat-
ter dense enough for the color-singlet state to appear lo-
cally and homogeneously, the detailed account of confin-
ing forces might not be so important for most of physical
quantities, except colored excitations on top of the color-
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white background. This is the case for spatially one-
dimensional QCD in which the color-flux remains confin-
ing from low to high densities nevertheless the equation of
state is dominated free quark gas contributions [12–15].
Inspired by this result, we conjecture that, in the domain
where the color-singlet condition is satisfied, the quasi-
particle picture for quarks and gluons can be applied at
distance of . 1 fm or momentum transfer of 0.2-1 GeV,
as in the constituent quark models where quarks with ef-
fective chiral masses of Mq = 300-500 MeV explain the
dynamics inside of hadrons [16], see a schematic picture
in Fig.1. For the quasi-particle descriptions to be useful,
the strong coupling effects should be largely absorbed
into the effective mass, coupling, and so on, after which
the residual interactions should be under control [17, 18].
This paper is our first step to the quasi-particle de-
scription for strongly correlated quark matter and we
take up 2-color QCD (QC2D) as a testing ground. In
this theory the lattice QCD simulation is possible with-
out suffering from the sign problem and one can confront
his calculations with the lattice data for the phase dia-
gram, equations of state, diquark condensates, Polyakov
FIG. 1. A schematic description of a single hadron. The
vertical axis represents the energy (distance) scale.
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2loops, and so on [19–21]. Also the Landau gauge gluon
propagators and vertices have been measured [22, 23].
For model studies of QC2D, see Ref.[24] and work in the
quarkyonic matter [25] context, see Ref.[26].
In this work we study the in-medium modification of
the Landau gauge gluon propagator, including quark loop
effects to one-loop. We combine the in-medium effects
with non-perturbative vacuum gluon propagators. For
the latter, the Landau gauge studies in lattice QCD [27]
and functional approaches [28, 29] for pure Yang Mills
(YM) theory have reported the generation of effective
mass of mg ∼ 0.4-0.7 GeV at soft Euclidean momenta
(see Refs.[30–32] for early studies). Based on this finding
seminal works assumed the massive YM as an effective
theory and performed the 1-loop calculations for gluon
and ghost propagators, finding the remarkable agreement
with the lattice results [33, 34]. Encouraged by these
findings, we use the gluon and ghost propagators in the
massive YM theory as our tree level propagators, and
add the polarization effects due to quarks in medium.
For vacuum gluon and ghost propagators with dynamical
quarks, see Ref.[35] for the massive YM results, Refs.[36,
37] for the lattice results, and Ref.[38] for the results of
functional calculations.
The analyses of in-medium gluon propagators, how-
ever, can in principle be more non-linear and complex, as
the quark loop effects may strongly depend on the phase
structure [39–44]. For example the quarks entering the
loop can be either gapped or gapless depending on the
pairing near the Fermi surface, and add totally different
contributions to the gluon polarization functions. Follow-
ing the previous one-loop study [44], we classify three dis-
tinct possibilities of phases and the corresponding screen-
ing mass effects: (i) normal phase, in which quarks are
gapless. Here the gluons acquire the electric mass from
gapless particle-hole excitations, but no magnetic mass,
due to the exact cancellation between the paramagnetic
contribution (due to the particle-hole) and diamagnetic
contribution (due to the particle-antiparticle); (ii) Higgs
phase, in which quark-pairs form a colored diquark con-
densate and quarks are gapped, while the phase fluctua-
tions of the condensate are colored and hence couple to
the longitudinal mode of gluons, yielding both electric
and magnetic (Meissner) masses; (iii) singlet (gapped)
phase, in which the diquarks form a color-singlet con-
densate and quarks are gapped, while the color-singlet
phase fluctuations of the condensate do not couple to
gluons. In this case the gapped quarks and the absence
of Meissner effects together protect gluons from acquiring
electric and magnetic masses. In this paper we investi-
gate the normal and singlet phases of QC2D, using the
massive YM theory.
The singlet phase corresponds to the BCS phase in
QC2D where the most favorable pairing is anti-symmetric
with respect to color, flavor, and spin, while the spatial
wavefunction is S-wave. The lattice calculations found
that the critical temperature is Tc ' 80-120 MeV so we
estimate diquark gaps ∆ to be 140-210 MeV by assum-
ing the BCS formula Tc ' 0.57∆. Since this matter is an
insulator, the gluons are unscreened at scale lower than
∼ ∆. This observation is consistent with the recent lat-
tice results for QC2D at µq = 0.5-1 GeV [23], where the
electric and magnetic gluon propagators, ghost propaga-
tors, and gluon-ghost vertices are not as sensitive to the
variation of µq as predicted by the normal phase scenario.
In our analyses for QC2D we do not manifestly calcu-
late the diquark gaps ∆, but just treat them as given in
the range of 0-200 MeV. Then we use quark propagators
with ∆ to compute the polarization effects. As we will
see ∆ improves the consistency with the lattice results in
the electric sector. Quantitatively, the overall size of the
quark loop strongly depends on the choice of the strong
coupling αs. In the infrared its value can be as large as
∼ 3 (see Ref.[45] for the recent summary about αs ex-
tracted in various approaches). For this reason we vary
it considerably, from 0 to 3. It turns out, however, that
the presence of the gluon mass in the vacuum propagator
largely tempers the impact of varying αs. Similar obser-
vation was made for the hot QCD equations of state in
Ref.[46], where the authors applied the Gribov-Zwanziger
gluon propagators. We also expect that the insensitivity
to αs should significantly stabilize our analyses of vari-
ous quantities at finite density. This is one of the main
conclusions in this work.
Our calculations of the polarization functions main-
tain the conservation law or symmetry by handling the
regularization artifacts which need special care. Such
UV artifacts can couple to the medium effects in the IR,
yielding unphysical screening masses. In the previous
study [44], the authors cancel the symmetry violating UV
artifacts with symmetry violating counter terms, by de-
manding the final expression to recover the conservation
laws. In this paper we offer a simpler method in which
the conservation law is kept at every step of computa-
tions so that one needs only the standard set of counter
terms.
This paper is structured as follows. In Sec.II we sum-
marize our models for gluons and the possible pairing
patterns. In Sec.III we discuss general remarks on the
polarization functions, and in Sec.IV explain how to pre-
serve the conservation laws during computations. In
Sec.V we present our one-loop results and compare them
with the lattice data. In Sec.VI is devoted to discussions
about the non-perturbative considerations beyond one-
loop. Sec.VII is devoted to the summary. In Appendix.A,
we review the derivation of functional identities for the-
ories with massive gluons.
We use the following notations:
∫
q
≡ ∫ d4q/(2pi)4,∫
~q
≡ ∫ d3~q/(2pi)3. The matrices σa(a = 1, 2, 3) and
τ i(i = 1, 2, 3) are the Pauli matrices with respect to the
color and flavor spaces, respectively. We freely raise or
lower the color and flavor indices when the notations be-
come simpler. As for the space-time metric, we will work
on the Euclidean space but we leave the upper and lower
indices as in the Minkowski space. In this way we can
transfer the expression developed in the Minkowski space
3to the Euclidean with minimal efforts. The relations
kµ = gµνk
ν , a · b = gµνaµaν , {γµ, γν} = 2gµν , are com-
mon for these two spaces. In the components gEµν = −δµν ,
gMµν = (1,−1,−1,−1)diag, aE4 = −iaM0 (a4E = ia0M ),
aEj = a
M
j for four-vectors, and γ
E
µ = −(γEµ )†. The only
difference we should care is the overall factor of propa-
gators G as −iGM (k) = GE(k), and the i term in the
Minkowski expression. The others need not be modified.
When we emphasize the positivity of the scalar product
of momenta, we occasionally use the capital letters, e.g.,
K2 = −k2(≥ 0), and also the notation K = √−k2. The
convention for the self-energy Π is D−1 = D−1tree+Π where
D and Dtree are the dressed and tree level propagators.
II. MODEL
A. A model for gluons
For quasi-particle descriptions for gluons we use the
massive YM Lagrangian [33, 34]. The theory is renor-
malizable with finite set of counter terms, as in the pure
YM theory. On the other hand the massive YM theory
does not preserve the unitarity, and hence is not usable
for computations of physical scattering amplitudes.
We will regard that the gluon mass is emerged from
the dynamics in the Landau gauge. Hence, even though
the introduction of the gluon mass already breaks the
gauge invariance, we use the massive YM Lagrangian to-
gether with terms that enforce the Landau gauge fixing
condition, ∂µAaµ = 0. Now the Lagrangian is
Lgauge = − 1
4
Gµνa G
a
µν +
m2g
2
AµaA
a
µ
− 1
2α
(
∂µAaµ
)2
+ c¯ai∂µDµc
a , (1)
where Aaµ and c
a are the gluon and ghost fields, respec-
tively, with the color indices a = 1, 2, 3 (for QC2D), and
mg is the gluon mass. For the moment we keep the gauge
parameter α in the Lagrangian but in the end we will
take the limit α → 0. The covariant field strength Gaµν
is defined by
Gaµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν , (2)
where g is the gauge coupling constant and fabc is the
structure constant. The covariant derivative for the ghost
field ca is
Dµc
a = ∂µc
a + gfabcAbµc
c . (3)
The resultant tree level propagator, after putting α→ 0,
is (in Euclidean space)
[
Dabµν(k)
]
tree
= Dtree(k)δ
abPµν , Pµν = gµν − kµkν
k2
,
(4)
which is transverse, kµPµν = 0, and
Dtree(k) =
−1
k2 −m2g
. (5)
The radiative corrections in the massive YM theory may
contain the radiative corrections which are not trans-
verse, but thanks to the Landau gauge condition its lon-
gitudinal component anyway can be dropped off from the
dressed gluon propagators.
We regard this tree level Lagrangian as the conse-
quence of non-perturbative calculations. Thus the suit-
able choice of the tree level mass mg can differ for theories
with and without quarks. We will come back to this point
after performing one-loop calculations with quarks.
B. A model for quarks
In order to examine the pairing effects we use an effec-
tive Lagrangian in which diquark operators couple to the
gap parameters ∆. Such gaps are produced by diquark
condensates for which one can consider several quantum
numbers. For the Dirac mass associated with the chiral
symmetry breaking (ChSB) we use the effective quark
mass Mq rather than the current quark mass mq. In this
paper we will not solve the gap equations to derive ∆
and Mq, but simply choose some characteristic values to
examine the impact of medium effects.
We usually guess the most favorable diquark pairing by
applying the one-gluon exchange picture. But its valid-
ity is uncertain at strong coupling. So we also present
another qualitative description here. The condensate
should be color-antisymmetric, as it reduces its color-
charge and the associated color-electric flux (in QC2D,
such a diquark condensate is color-singlet). Then, the
flavors, spins, and spatial wavefunctions should form a
symmetric wavefunction as a total. For the spatial wave-
function the S-wave pairing should be most preferable as
one can fully utilize the entire Fermi surface for quark
pairing. For the flavor wavefunction, we assume it to
be anti-symmetric as the system can reduce the flavor
charges; accumulation of charges usually produce fields
and cost more energy. Taking all these considerations the
condensate should be spin-singlet, leading to the form
〈ψTCγ5σ2τ2ψ〉 ∼ ∆µ2q , (6)
where the matrices σ2 and τ2 combines the color and
flavor indices of quarks in antisymmetric way. C is the
charge-conjugation matrix defined by C = −γ2γ4. The
factor µ2q comes from the phase space near the Fermi
surface, ∼ 4piµ2q, at large density.
The diquark condensate in Eq. (6) is not invariant
with respect to U(1)B-transformations, ψ → eiθψ, but
invariant with repsect to the SU(2)c-transformations,
ψ → eiθaσa/2ψ, as the condensate does not carry color
charges. Thus unlike the color-superconductivity in 3-
color QCD, the phase fluctuations of diquark conden-
4sates do not participate in the longitudinal modes of glu-
ons, and hence no Messner mass is generated. The phase
fluctuations simply appear as gapless Nambu-Goldstone
modes associated with the U(1)B symmetry breaking.
The effective Lagrangian for quarks takes the form
Lψ = ψ¯(i /D + iµqγ4 −Mq)ψ − ψT∆ψ , (7)
where Mq, µq, and ∆ ≡ σ2τ2γ5∆ are the effective quark
mass, quark chemical potential, and a matrix for the di-
quark gap, respectively. The covariant derivative is
Dµψ = ∂µψ + igA
a
µ
σa
2
ψ . (8)
The standard technique to handle the mean field di-
fermion condensate is the Nambu-Gor’kov formalism.
Useful summary can be found in Ref.[39]. Introducing
a two-component spinors
Ψ ≡ 1√
2
(
ψ
ψc
)
, Ψ¯ ≡ 1√
2
(
ψ¯ , ψ¯c
)
, (9)
and using a relation ψT = −ψ¯cC (ψ¯T = −Cψc), the
Lagrangian (7) is rewritten into
Lq = Ψ¯KΨ− gΨ¯ /AΨ , (10)
where we have defined a matrix for the quark bilinear
terms,
K =
(
i/∂ + iµqγ4 −Mq ∆¯
∆ i/∂ − iµqγ4 −Mq
)
, (11)
(∆¯ = γ0∆
†γ0) and the bare vertex matrix
/A = γaµAaµ , γaµ = γµRa , (12)
with
Ra ≡
(
σa/2 0
0 −(σa)T /2
)
. (13)
Next, we construct a tree level propagator from the quark
bilinear term. According to Eq. (11), the inverse of the
propagator reads in the momentum space
S−1(q˜) =
(
/q + iµqγ4 −Mq ∆¯
∆ /q − iµqγ4 −Mq
)
.
(14)
Below we assume the diquark gap function ∆ to be con-
stant. More realistically it should be vanishing for quarks
away from the Fermi surface. In order to find the expres-
sion for S, it is convenient to decompose the matrix into
the particle and antiparticle components. We introduce
the particle (p) and antiparticle (a) projection operators
Λp,a = γ0
Eqγ0 ± (Mq + ~γ · ~q)
2Eq
, (15)
where Eq =
√
~q2 +M2q . We also express ∆ as
∆ = ∆Λp + ∆Λa . (16)
Solving an equation SS−1 = 1, we find the quark prop-
agator of the form
S =
(
SD11 τ
2σ2SD12
τ2σ2SD21 S
D
22
)
, (17)
with (ΛCp = Λa and Λ
C
a = Λp)
SD11 =
( |up|2
iq4 − p +
|vp|2
iq4 + p
)
Λpγ0
+
( |va|2
iq4 − a +
|ua|2
iq4 + a
)
Λaγ0
SD12 = −
(
u∗pv
∗
p
iq4 − p −
u∗pv
∗
p
iq4 + p
)
Λpγ5
−
(
u∗av
∗
a
iq4 − a −
u∗av
∗
a
iq4 + a
)
Λaγ5
SD21 =
(
upvp
iq4 − p −
upvp
iq4 + p
)
ΛCp γ5
+
(
uava
iq4 − a −
uava
iq4 + a
)
ΛCa γ5
SD22 =
( |vp|2
iq4 − p +
|up|2
iq4 + p
)
ΛCp γ0
+
( |ua|2
iq4 − a +
|va|2
iq4 + a
)
ΛCa γ0 , (18)
where p, a are quasi-particle dispersions,
p =
√
(Eq − µq)2 + |∆|2
a =
√
(Eq + µq)2 + |∆|2 , (19)
and up, vp, ua, va are factors satisfying the following
relations:
|up|2 = 1
2
(
1 +
Eq − µq
p
)
, |ua|2 = 1
2
(
1 +
Eq + µq
a
)
,
|vp|2 = 1
2
(
1− Eq − µq
p
)
, |va|2 = 1
2
(
1− Eq + µq
a
)
,
(20)
and
|up|2 + |vp|2 = |ua|2 + |va|2 = 1 ,
upvp =
∆
2p
, uava =
∆
2a
. (21)
III. SELF-ENERGY: GENERAL REMARKS
In this section we give general remarks on the struc-
ture of the gluon self-energy and a new renormalization
condition which is associated with the gluon mass term
in the tree level Lagrangian. We first review the treat-
ment for the gluon self-energy of massive pure YM theory
(ΠYM), and then include quarks in vacuum (Πvac). Fi-
nally we discuss general remarks on the gluon self-energy
in-medium (Π). The derivation of functional identities
to the structure of Π is reviewed in Appendix.A.
5A. Vacuum cases
Unlike the massless YM theory, the modified Ward-
Takahashi (WT) identity for the massive YM theory
leads to the gluon self-energy tensor which includes the
terms proportional to m2ggµν , see Appendix.A 2. They
contribute to the transverse as well as the longitudinal
components,
ΠYMµν (k) = Π
YM(k)Pµν + Π
YM
L (k)
kµkν
k2
. (22)
But we use the massive YM theory together with the Lan-
dau gauge condition; as we have already mentioned the
longitudinal component decouples from the gluon prop-
agator. Hereafter we discuss only the transverse part.
Now we discuss how to handle the UV divergences in
the massive YM theory. For the vacuum computation
we use the dimensional regularization as it satisfies the
modified WT identity. Then it is guaranteed that the
divergences specific to the massive YM theory appear as
the coefficient of m2g terms and are at most logarithmic.
Such logarithmic divergence can be cancelled by a new
mass counter term which originates from the gluon mass
term. Now the renormalized self-energy includes the bare
(regularized) function and counter terms,
ΠYM(k) = Π
bare
YM (k)− k2δYMZg + δYMm2g . (23)
Here we have two counter terms and hence we must set
up two renormalization conditions. Following Ref.[33],
we choose our renormalization points to be
ΠYM(µR) = ΠYM(0) = 0 , (24)
where µR is some renormalization points.
Next we include quarks. They do not change the struc-
ture of the gluon self-energy. So we have only to make
replacements,(
Π, δZg , δm
2
g, µR
)YM → (Π, δZg , δm2g, µR)vac . (25)
B. In-meidum self-energy
In medium, the presence of matter breaks the Lorentz
symmetry and one must deal with electric and magnetic
components differently. Then the projector Pµν splits
into
Pµν = P
E
µν + P
M
µν , (26)
where the projector for magnetic components is three-
dimensionally transverse,
PM44 = P
M
i0 = P
M
0i = 0 , P
M
ij = −δij +
kikj
|~k|2
, (27)
so that the electric tensor is
PEµν = Pµν − PMµν . (28)
Using these projectors the polarization tensor in medium
can be written as
Πµν(k) = ΠE(k)P
E
µν + ΠM (k)P
M
µν + Π
L
µν(k) . (29)
Therefore the Landau gauge gluon propagators must be
of the form (K2 = −k2 ≥ 0)
Dµν(k) =
∑
i=E,M
1
K2 +m2g + Πi(k)
P iµν , (30)
where as we have already mentioned ΠLµν(k) could be
dropped off because it does not couple to the tree Landau
gauge propagator.
The counter terms set up in vacuum will be also used
in medium computations for ΠE,M . We make the decom-
position for the in-medium polarization function (for the
moment we suppress the subscript E and M),
Π = Πvac + δΠ , δΠ = Π
bare −Πbarevac , (31)
where the counter terms are already included into Πvac
while δΠ includes the difference between the bare self-
energies. Below we focus on the term δΠ.
The term δΠ would look insensitive to the UV contri-
butions. The medium part is most typically computed
by picking up the residues with an implicit assumption
of the three-dimensional cutoff regularization, |~p| ≤ ΛUV
(otherwise poles may exist outside of the contour in the
complex p0-plane). But computations of δΠ with such
regularization would suffer from UV artifacts that vio-
late the (modified) WT identity. It impacts on the qual-
itative behaviors of gluon self-energy; without removing
this artifact the gluons would acquire spurious magnetic
masses.
The artifact is associated with the non-perturbative
change in fermion bases, from the vacuum ones to the
medium ones. Without satisfying the WT identity, each
of Πbare in the medium and in vacuum has the quadratic
divergence and the single subtraction leaves terms that
couple to the differences between quark bases. Such
terms are absent in the regularization consistent with
the WT identity; in that case the leading divergences
before the subtraction are at most logarithmic and hence
the difference between the bases appear as coefficients of
Λ−2UV. Since we are trying to go beyond the perturbative
framework by including the modification of quark bases,
this problem deserves special remarks. In the next sec-
tion we will introduce a practical scheme which is free
from the artifacts.
IV. IN-MEDIUM REGULARIZATION
In this section we first examine how the regularization
artifact appears and then introduce a practical method
to handle such artifact.
For the sake of clarity we write the gluon self-energy
as a functional of the propagators,
δΠabµν =
(
Πbareq [Smed]
)ab
µν
− (Πbareq [Svac])abµν , (32)
6where Smed and Svac are quark propagators in medium
and in vacuum, respectively. Below we focus on the con-
tributions with a single quark loop,
(
Πbareq
)ab
µν
. The gen-
eral structure is(
Πbareq [S]
)ab
µν
(k) = −g
2
2
∫
q
Tr
[
ΓaµS(q+)γbνS(q−)
]
,(33)
with q± = q ± k2 . The symbol “Tr” in Eq. (33) repre-
sents a trace over Dirac, color, flavor, and Nambu-Gorkov
indices. The quark-gluon three-point vertex function,
Γaµ = Γ
a
µ [S; q−, q+], is a general vertex that may include
non-perturbative corrections. It is the sum of the Abelian
part, (ΓA)
a
µ (the first graph in Fig.2), in which the ex-
ternal gluon line directly couples to the quark current,
and the non-Abelian part, (ΓN )
a
µ (the second graph in
Fig.2), which is responsible for the rest of graphs. They
must satisfy the WT-identity,
ikµΓ
a
µ = S−1(q−)Ra −RaS−1(q+) + LaNA , (34)
where the first term comes from the Abelian contribu-
tion, kµ (ΓA)
a
µ, and L
a
NA = L
a
NA [S; q−, q+] from the
non-Abelian graphs.
In this study we discuss only the one-loop contribution
so we focus on the self-energy with the Abelian vertex,(
ΠbareqA
)ab
µν
. With the WT identity,
ikµ
(
ΠbareqA
)
µν
= −g
2
4
∫
q
trD,G
[ (SD(q+)− SD(q−)) γν] ,
(35)
where we have carried out the trace over colors and fla-
vors, and the trace over Dirac and Nambu-Gor’kov space
is left. We also used Πab = δabΠ. The first and second
terms in the trace should cancel if we are allowed to inte-
grate the momentum q from −∞ to +∞. This is the case
for the dimensional regularization with which we arrive
at kµ
(
ΠbareqA
)
µν
= 0. But for the three momentum regu-
larization, there remains a finite term as a regularization
artifact. To see it, first we define
Fν [S; ~q] =
∫
dq0
2pii
trD,G
[
SD(q)γν
]
, (36)
FIG. 2. (color online) The dressed quark-gluon vertex. The
first graph in the RHS represents the Abelian part, ΓA, in
which the external gluon first couples to quarks. The second
graph is the non-Abelian part, ΓN .
then kµ
(
ΠbareqA
)
µν
is proportional to∫
~q
θ(Λ2UV − ~q2) (Fν [S; ~q+]− Fν [S; ~q−])
=
∫
~q
[
θ(Λ2UV − ~q2−)− θ(Λ2UV − ~q2+)
]
Fν [S; ~q]
=
∫
~q
2δ(Λ2UV − ~q2) kjqjqνF [S; ~q2] (Fν(~q) = qνF (~q2))
=
kjδνj
6pi2
Λ3UV F [S; Λ2UV] . (37)
The expression tells us that the artifact appears only if ν
is spatial, which in turn means the magnetic sector. The
function can be expanded by the inverse power of the UV
cutoff,
F [S; Λ2UV] =
Cuniv
ΛUV
+
Cdim2[S]
Λ3UV
+ · · · , (38)
where the first term is universal while the rest of terms
depend on the quark bases.
Now we can quantify how the regularization artifact
enters in δΠ,
kµδΠ
ab
µν
∣∣
3d reg
∝ δab (Cdim2[Smed]− Cdim2[Svac]) .(39)
This artifact cancels when Smed = Svac, but in general
such equality does not hold. (As should be clear from
this derivation, if Smed and Svac asymptotically coincide,
the artifact is absent. But in this case one must man-
ifestly take into account the momentum dependence of
gaps which make the improvement of the vertices more
complicated.)
Here we have two competing demands. On one hand
it is convenient to use the dimensional regularization to
be free from the artifact, but in medium the computa-
tions are cumbersome. The three-dimensional cutoff al-
lows more straightforward calculations but it would suffer
from the artifact. In order to utilize the advantages of
both regularizations we consider the following trick. We
introduce a propagator which has the same structure as
the vacuum one but has the mass M˜q in place of the
vacuum mass Mvacq ,
S˜vac = Svac(Mvacq → M˜q) . (40)
We regroup the calculation of δΠ as (we suppress the
Dirac and color indices for the moment)
δΠ = δ∆µqΠ + δ∆SΠ , (41)
where
δ∆µqΠ = Π
bare
q [Smed]−Πbareq [S˜vac] , (42)
δ∆SΠ = Π
bare
q [S˜vac]−Πbareq [Svac] . (43)
As for δ∆SΠ, there is no technical difficulty to use the
dimensional regularization and each term in δ∆SΠ is sep-
arately independent of artifacts. For δ∆µqΠ, the compu-
tations based on the dimensional regularization is prac-
tically not so useful. But if we choose M˜q to be M˜
∗
q such
7that
Cdim2[Smed] = Cdim2[S˜vac] , (44)
then the artifacts in δ∆µqΠ cancel in the three-
dimensional cutoff scheme. As a consequence the dimen-
sional regularization and three-dimensional cutoff regu-
larization become equivalent,
δ∆µqΠ
∣∣
dim reg
= δ∆µqΠ
∣∣
3d reg
. (for M˜q = M˜
∗
q ) (45)
Now the RHS can be computed in the standard way,
without suffering from the artifact. In the next section
we will perform the one-loop computation based on these
regularization method.
Finally we mention that the present regularization re-
solves the problem of the spurious Meissner mass of two-
flavor matter found in Ref.[39]. Such Meissner mass was
rejected in Ref.[47] by some subtraction method, but its
justification was not claimed. The present discussion
gives its justification: the subtraction method in Ref.[47]
naturally follows from the demand to maintain the con-
servation law or the WT identity. Moreover the discus-
sions here explains how to generalize the method for gen-
eral sets of Mvacq ,Mq, and ∆.
V. ONE-LOOP RESULT
Now we examine the gluon self-energy at one-loop. We
first remark on the vertex function that couples a quark
and a gluon. At this level of calculations we have only to
discuss the Abelian type of vertices,
Γaµ = (ΓA)
a
µ , (for 1− loop) (46)
for which ikµΓ
a
µ(q−, q+) = S−1(q−)Ra − RaS−1(q+). In
this work we consider only the momentum independent
gaps. Then it simply takes the tree level form,
kµΓ
a
µ(q−, q+) = kµγ
a
µ . (for 1− loop) (47)
Hence we can compute Eq.(33) with replacement Γaµ →
γaµ, and it is sufficient to satisfy the WT identity.
In the following we first examine the vacuum gluon self-
energy without quarks, and then add quarks next. After
calibrating the parameters in the theory to reproduce the
lattice results, we then use them to calculate the gluon
self-energy in a medium. For all comparisons from YM
theory to the QC2D in medium, we use the lattice data
of Ref.[23].
A. The vacuum part
For the comparison to the unrenormalized lattice data
[23] we need to multiply an overall constant Zoverallg .
This factor should be distinguished from the conventional
renormalization constant Zg that explains the difference
of fields at different scales, e.g., the renormalized fields at
L [fm] a−1[GeV] mg[GeV] Zoverallg
YM 1 6.5 0.91 0.68 4.0
2 4.3 1.59 0.66 4.5
vac A 8.5 0.74 0.85 2.8
B 7.4 0.86 0.85 2.8
C 6.0 1.10 0.74 3.2
D 2.2 1.40 0.48 4.5
TABLE I. The parameters used for the fit. The first two columns
are parameters in the lattice simulations; L and a are the box size
and lattice spacing. The last two columns are parameters used
in our model calculations. For all fits we used αs = 1-3 whose
variation is reflected in the error band.
µR and the bare fields at ΛUV asAbare = Z
1/2
g AR. In con-
trast to Zg, the overall factor Z
overall
g is common for the
renormalized and bare fields (Abare = (Z
overall
g )
1/2A′bare
and AR = (Z
overall
g )
1/2A′R), and hence has nothing to
do with the quantum corrections; the factor Zoverallg ap-
pear in propagators as well as the vertices, and they can-
cel in the final expression. We use the expression of a
gluon propagator in vacuum with the one-loop correc-
tion (DYM,vacµν = D
YM,vacPµν and K
2 = −k2 ≥ 0)
DYM,vac(k) =
Zoverallg
K2 +m2g + ΠYM,vac(k)
. (48)
As described in Eq.(24) our renormalization conditions
are ΠYM,vac(µ
2
R) = ΠYM,vac(0) = 0 [33] which determine
our counter terms δZ and δm
2
g. Meanwhile the constant
Zoverallg is adjusted as
DYM,vac(µR) =
Zoverallg
µ2R +m
2
g
= DYM,vaclat (µR) . (49)
Because our theory is chosen for the description at low
energy, we take µR ∼ 1 GeV.
We will not put too much effort for the precise fit be-
yond ∼ 1 GeV because some discrepancy is expected due
to the use of constant mg, which actually should be mo-
mentum dependent and be vanishing in the UV limit,
and also due to the lack of the RG improvement in the
present work. Hence, if one compares the one-loop re-
sults for K2D(k) to the lattice’s, the large momentum
behaviors look different for the reasons rather obvious
to us. We postpone the calibration of the UV part to
the future studies and focus more on the behaviors up to
K ∼ 1 GeV.
1. The YM part
We first discuss the YM case. The contribution from
the massive pure YM theory can be written as [33]
ΠYM(k) =
g2K2
192pi2
{
111s−1 − 2s−2 + (2− s2)ln(s)
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FIG. 3. (color online) The gluon propagators in the YM the-
ory renormalized at µR = 1 GeV. The dots indicate the lattice
results [23] for the sets YM 1 and 2 shown in Table.I, com-
pared to the one-loop calculations with a fitting parameter
mg. We put the error band which comes from the varia-
tion, αs = 1-3, in the one-loop result. The line inside of the
band corresponds to the αs = 2 results. With larger αs, the
one-loop result of Dg below (above) 1 GeV is more enhanced
(reduced).
+ 2(s−1 + 1)3(s2 − 10s+ 1)ln(1 + s)
+ (4s−1 + 1)3/2(s2 − 20s+ 12)
× ln
(√
4 + s−√s√
4 + s+
√
s
)
− (s↔ µ2R/m2g)
}
,(50)
with s = K2/m2g. Below we examine the values of the
coupling constant and the gluon mass that can fit gluon
propagators in the lattice results.
The lattice results [23] for gluon propagators in the
infrared are sensitive to the finite volume effects (for sys-
tematic studies, see Ref.[48, 49]) and we need to decide
which data to be fitted. The general trend is that with
larger volume the gluon propagators are more suppressed
in the infrared. Without taking the volume sufficiently
large, we tend to underestimate the size of mg. For illus-
tration purposes we plot the largest and second largest
volume results in the lattice data of [23] to show the im-
pact of finite size effects on the estimate of mg.
Shown in Fig.3 is the comparison of the one-loop and
the lattice results for gluon propagators with the sets
YM1 and YM2 listed in Table.I. When we fit each lattice
data set, we first adjust the overall normalization Zoverallg
at µR = 1 GeV, and then search the non-perturbative
parameter mg which gives the good fit. The value of αs
is changed from 1 to 3 and we attached the error band
around the line given at αs = 2. The infrared behavior
is most sensitive to the choice of mg, and we found that
mg ' 0.66-0.68 GeV fits the data well. Meanwhile the
loop corrections (which are regular in the infrared) damp
as ∼ K2 at small momenta and hence the details do not
have much impacts in the deep infrared. In fact the vari-
ation of αs from 1 to 3 changes the gluon propagators
only modestly in the infrared. Because we renormalize
the self-energy as Π(µR = 1 GeV) = 0, the different prop-
agators coincide at K = 1 GeV. Below this momentum
the loop corrections enhance the propagator while sup-
press it at large momenta.
2. The vacuum part with quarks
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FIG. 4. (color online) The gluon propagators in vacuum with
dynamical quarks, renormalized at µR = 1 GeV. The dots
indicate the lattice results [23] for the sets vac A-D shown
in Table.I, compared to the one-loop calculations. The finite
volume effects are large and accordingly the values of mg used
for the fits vary considerably. The error bands for the sets A-C
with large mg are tiny and not visible.
Next we include quarks. The quark contribution is
Πvacq (k) = −K2
g2
2pi2
×
∫ 1
0
dxx(1− x)ln (M
vac
q )
2 + x(1− x)K2
(Mvacq )
2 + x(1− x)µ2R
. (51)
There are four lattice data sets with different volumes
[23]. The values used for the fit are listed in Table.I as
the vac A-D. As in the YM case we choose αs = 1-3 and
associate the error band. We also check how the results
depend on the effective quark mass Mvacq , and found that
its impacts are negligible for Mvacq = 0.1-0.3 GeV. Below
we use Mvacq = 0.3 GeV.
Shown in Fig.4 are the comparison between the lat-
tice data and the one-loop results. The finite volume ef-
fects in the lattice data are very large in the infrared and
accordingly our choices for mg vary considerably, from
mg = 0.48 to 0.85 GeV. The lattice results for the largest
volume favors mg ' 0.85 GeV. At this point we are not
very sure about the value of mg and further examination
of finite volume effects as well as the discretization arti-
facts is called for. Nevertheless, it seems safe to conclude
that the gluon propagators with larger mg become more
insensitive to the value of αs in the infrared.
9This indicates that, by including strong coupling ef-
fects into the effective residue and mass in gluon propaga-
tors, the residual strong coupling effects may be treated
as small corrections. This is the key feature for quasi-
particle descriptions.
Having examined the finite volume effects, below we
fix our parameters to fit the lattice data for β = 1.9 and
Nt×N3s = 24×163, although this is not the best quality
in the available data. The reason to choose this set is
that it was used for the lattice simulations in medium,
see the next section. In medium computations the size
in the temporal and spatial directions are often taken to
be different,
Lt = aNt = 0.186 fm× 24 = 4.46 fm ,
Ls = aNs = 0.186 fm× 16 = 2.98 fm , (52)
and hence the propagators for electric and magnetic
gluons may differ even in vacuum1. For this set the
electric and magnetic propagators do not differ much2.
Taking the renormalization scale to be µR = 1 GeV
as before and adjusting the overall normalization to be
Zoverallg = 3.0, our one-loop propagator fits the data well
for mg = 0.66 GeV for αs = 1-3. The quality of the fit
can be seen in Fig.5.
The comparison between Figs.4 and 5 seems to suggest
that the volume used for the medium is not small enough
for decisive statements and the value of mg tends to be
underestimated. Keeping this in mind, in what follows we
take mg = 0.66 GeV as a reference point to examine the
medium effects for the set β = 1.9 andNt×N3s = 24×163.
1 Strictly speaking, in [23] no lattice data are available for µq = 0
in this setup. But there is data at µq = 318 MeV below the
matter threshold, µc = mpi/2 is ∼ 380 MeV for the heavy pion
mass used in this simulation. Thus we can regard the result at
µq = 318 MeV as the vacuum result.
2 In [23] there are other set of lattice data, β = 2.1 and Nt×N3s =
32 × 163, but the volume is smaller, Lt = 4.4 fm and Ls = 2.2
fm. The artifacts of anisotropy is much stronger than the case
we are studying. So we omit this case from our study.
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FIG. 5. (color online) The gluon propagators in vacuum with
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for this lattice data will be also used for the medium prop-
agator. In spite of the vacuum results, the lattice’s electric
and magnetic propagators slightly differ due to the artifacts
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B. The medium part
1. The determination of M˜q
Now we turn to the gluon propagator in the medium.
As we have detailed in Sec.IV, we must handle the reg-
ularization artifact. The medium computations in our
regularization involves the parameter M˜q and it is fixed
according to the condition Eq.(44). To examine this con-
dition we calculate the function Fν explicitly,
Fν [S; ~q] =
∫
dq0
2pii
trD
[ (SD11(q) + SD22(q)) γν]
= 2δνiqi
∑
s=p,a
|u2s(~q)|2 − |v2s(~q)|2
Eq
. (53)
At large |~q|,
|u2s(~q)|2 − |v2s(~q)|2
Eq
∼ 1|~q| −
∆2 +M2q
2|~q|3 + · · · . (54)
The expression for Fν [S˜vac; ~q] is obtained by replacement,
µq,∆→ 0 and Mq → M˜q. In order to achieve the condi-
tion Cdim2[Smed] = Cdim2[S˜vac], we take
M˜q =
√
∆2 +M2q , (55)
with which the medium calculations in three dimensional
cutoff are free from the UV artifacts.
Now we compute the medium self-energy Π = Πvac +
δΠ where δΠ = δ∆SΠ + δ∆µqΠ.
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2. The computation of δ∆SΠ
The function δ∆SΠ(k) = Π
bare
q [S˜vac]−Πbareq [Svac] mea-
sures the modification associated with the changes in vac-
uum bases for quark propagators. It can be computed in
the dimensional regularization as
δ∆SΠ(k)
∣∣
dim reg
= −K2 g
2
2pi2
×
∫ 1
0
dxx(1− x)ln (M˜q)
2 + x(1− x)K2
(Mvacq )
2 + x(1− x)K2 , (56)
which enters the electric and magnetic components in the
same way. This contribution approaches zero for vanish-
ing momenta.
3. The computation of δ∆µqΠ
Next we present the results of δ∆µqΠ. There are three
distinct medium contributions; the particle-hole (pp),
antiparticle-antihole (aa), and particle-antiparticle (pa)
contributions. The electric and magnetic parts of the
quark one-loop self-energy are calculated in the three di-
mensional regularization as in Ref.[44],
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FIG. 6. (color online) The polarization in the electric channel
for µq = 795 MeV, αs = 2, ∆ = 200 MeV, and Mq = 100
MeV. The particle-hole contributions are very sensitive to the
value of ∆, so only in this channel we also plot the results of
∆ = 10 and 100 MeV. The vacuum polarization renormalized
at µR = 1 GeV is also plotted as a reference. The allow
indicates 2pF ' 1.58 GeV.
δ∆µqΠ
q
E,M (k)
∣∣
3d reg
= g2
∑
s,s′=p,a
∫
~q
[
Css′E,M (~q+, ~q−)Kss
′
E,M (~q+, ~q−)Gss′(q+, q−)− (Mq → M˜q; µq,∆→ 0)
]
. (57)
Here C’s and K’s are the coherence and kinematic factors,
respectively, which differ for magnetic and electric polar-
izations. The former is sensitive to the quantum numbers
(color, flavor, spin) of condensates which decide whether
the normal and anomalous contributions add coherently
or incoherently. Meanwhile K’s reflect the kinematical
structure of the spinor bi-linears. These factors depend
only on the static momenta. The factors G are the prop-
agators which reflect the pole structures. Only this part
depends on k4 and hence is totally responsible for the
dynamical aspect of the gluon polarization.
The explicit forms of these factors are as follows: the
coherence factors are
CppE,M =
1
2
(
1− (Eq+ − µq)(Eq− − µq)± |∆|
2
p(q+)p(q−)
)
,
CaaE,M =
1
2
(
1− (Eq+ + µq)(Eq− + µq)± |∆|
2
a(q+)a(q−)
)
,
CpaE,M =
1
2
(
1 +
(Eq+ − µq)(Eq− + µq)∓ |∆|2
p(q+)a(q−)
)
,(58)
where CpaE,M (q+, q−) = CapE,M (q−, q+); the kinematic fac-
tors are
KppE = KaaE = 1 +
~q2 − ~k2/4 +M2q
Eq+Eq−
,
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CE KE CM KM G(|~q| = pF )
pp ∼ ~k2 2
(
∆
p(q)
)2 (
~q
Eq
sin θ
)2
∼ 1~k2+∆2
aa ∼ ~k2 2
(
∆
a(q)
)2 (
~q
Eq
sin θ
)2
∼ 1
pF
pa finite ∼ ~k2 finite −2 ∼ 1
pF
TABLE II. The coherence and kinematical factors for electric and
magnetic gluons, and the factors from the propagators at |~q| = pF
where pF is the quark Fermi momentum such that E(pF ) = µq .
KpaE = KapE = 1−
~q2 − ~k2/4 +M2q
Eq+Eq−
,
KppM = KaaM = −1 +
(|~q| cos θ)2 − ~k2/4 +M2q
Eq+Eq−
,
KpaM = KapM = −1−
(|~q| cos θ)2 − ~k2/4 +M2q
Eq+Eq−
, (59)
where kˆ = ~k/|~k| and cos θ is the angle between ~q and ~k;
finally the propagator part is
Gss′(q+, q−) = 1
2
(
1
ik4 + s(q+) + s′(q−)
+
1
−ik4 + s(q+) + s′(q−)
)
. (60)
Below we focus on the static behaviors of the gluon prop-
agators at k4 = 0.
The qualitative behaviors of these factors in the limit
k4 = 0 and |~k| → 0 are summarized in [44]. For practical
convenience we reproduce it in Table.II.
Now we examine the behavior of the in-medium contri-
butions, δΠE,M , from the electric and magnetic sectors
in the singlet phase. We consider µq > 600 MeV and as-
sume that the chiral massMq is close to the current quark
mass. The lattice data to be compared (next subsection)
have used the current quark mass of mq ∼ 100 MeV, so
we fix Mq = 100 MeV. Through our attempts in fitting,
we found that the details of Mq are not important.
Figs.6 and 7 show the our results for the electric and
magnetic polarization functions at one-loop. We examine
the roles of pp-, aa-, pa-channels and their dependence on
the gap. We took the parameters, µq = 795 MeV, αs = 2,
∆ = 200 MeV, and Mq = 100 MeV. As the particle-hole
contributions are most sensitive to the value of the gap,
we also plot the results of ∆ = 10 and 100 MeV with thin
lines.
The electric polarization function in the infrared is
largely dominated by the particle-hole (pp-) contribu-
tions. In particular the in-medium electric screening
mass is saturated by the particle-hole contributions near
the Fermi surface. For |~k| → 0 the coherence factor
CppE vanishes. In the absence of gaps the static particle-
hole propagator Gpp has the IR divergence of ∼ 1/~k2 for
|~k| → 0, so the product of CppE and Gpp becomes finite
yielding the Debye mass. With finite gaps the IR di-
vergence from Gpp is regulated, so the product vanishes
as ∼ ~k2/∆2 for |~k| → 0, resulting the vanishing electric
screening mass. The difference between the normal phase
with ∆ = 0 and the singlet phase is seen up to ∼ 2∆ be-
yond which the effects arising from the different phase
structures become negligible.
Meanwhile the magnetic polarization function is much
less affected by the details of the gaps. The absence of
the magnetic screening mass is achieved only after sum-
ming up all the contributions, (pp,pa, aa) parts, which
are related in an intricate way by the gauge invariance.
Here it should be emphasized that the particle-hole and
antiparticle-antihole contribute as the para-magnetic ef-
fects which enhances the propagation of magnetic gluons,
while the particle-antiparticle (with the vacuum subtrac-
tion) contributes as the dia-magnetic effects that sup-
press magnetic gluons. For ~k → 0 these contributions
precisely cancel if we correctly maintain the conserva-
tion law or the WT identity [44]. At finite momenta, the
para-contributions win and the magnetic gluon propa-
gators are enhanced from the vacuum one. The para-
contribution is maximized around 2pF and then ap-
proaches zero at higher momenta. Finally we mention
that, if we treat the Higgs phase instead of the singlet (or
normal) phase, the coherence factor vanishes as ∼ ~k2 and
the para-contributions are suppressed; then the particle-
antiparticle contributions dominate to screen the mag-
netic gluons, resulting in the Meissner mass.
4. Comparison with the lattice data
Now we examine the electric and magnetic gluon prop-
agators by adding δΠ = δ∆SΠ + δ∆µqΠ to the vacuum
polarization tensors. The gluon mass mg and residue
Zg are kept fixed to the vacuum one (mg = 0.66 GeV
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FIG. 8. (color online) The in-medium electric gluon propagators at one-loop for αs = 1-3 and the gaps ∆ = 10, 100, and 200
MeV. Larger αs reduces more the propagator at finite momenta (|~k| & ∆) by the screening effects. The discrete data points
are from the lattice results. The vacuum result is also shown for a reference.
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FIG. 9. (color online) The magnetic gluon propagators for the setup same as Fig.8. With larger αs, the polarization effects
enhance more the propagators at finite momenta (the para-magnetic contributions dominate over the dia-magnetic ones). The
difference in ∆ has little impact and is difficult to see in this plot.
and Zg = 2.94) so that the medium dependence of the
propagator should be regarded as the prediction of one-
loop calculations. The results of one-loop calculations
are shown in Figs.8 and 9 together with the lattice data
(β = 1.9, Nt ×N3s = 24× 163) at µq = 636, 795, and 954
MeV.
As for the electric sector, the comparisons seem to sug-
gest that the phase structure or quark pairings are im-
portant for the explanation of the lattice results. With
too small gaps (∆ . 100 MeV), at |~k| & 2∆ the polariza-
tion function approaches the normal phase result which
are dominated by the Debye screening scale of ∼ gµq,
and the resulting gluon propagator is screened too much.
We varied αs from 1-3 but such variation does not im-
prove the situation. Therefore we first conclude that the
inclusion of the gap is crucial to obtain the reasonable
fit. Having concluded that, we also emphasize that the
use of the gap of ∆ = 100-200 MeV does not fully ex-
plain the lattice results, especially the tendency at |~k|
less than ∼ 0.5 GeV. The agreement becomes worse at
larger µq. In particular Fig.8 shows that the lattice elec-
tric propagator has the larger screening mass than the
vacuum one, in contrast to the one-loop prediction for
the singlet phase. This discrepancy likely indicates the
lack of the relevant physics in the one-loop result. For
example, gluon propagators inside of loops remain the
vacuum one but this is not a consistent treatment when
the in-medium effects become large. We will come back
to this point in Sec.VI.
The situation seems more problematic in the magnetic
sector. Here the polarization functions are almost degen-
erate in the normal and paired phases. Indeed, changing
∆ does not improve the consistency between the lattice
results and the one-loop prediction. Two features are
particularly noteworthy: i) the one-loop result predicts
the absence of the medium induced magnetic mass, but
the lattice results seem to suggest the enhancement of the
magnetic mass; ii) at finite momenta the gluon propaga-
tor in the one-loop result is significantly enhanced from
the vacuum one by the para-magnetic contributions asso-
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ciated with the particle-hole channels, but in the lattice
results the changes are much more modest or absent.
To summarize this section, we found that the inclusion
of the quark gaps improves the consistency between the
one-loop calculations and lattice results. Another impor-
tant point is that, starting with the propagator with the
gluon mass, the importance of the medium effects are
tempered; as the denominator of the propagator already
has some mass scales of ∼ 0.5-0.8 GeV even before the
medium effects enter there. Having said that, we must
also conclude that the consistency at this level of anal-
yses is not quite satisfactory especially in the magnetic
sector. In fact the lattice results suggest that the electric
and magnetic propagators behave similarly in contrast to
the one-loop propagator. The obvious deficiency in the
one-loop approach was that we kept using the vacuum
gluon propagators inside of the loop in spite of the fact
that the one-loop vacuum and medium propagators start
to deviate already around |~k| ' 1 GeV. We expect the re-
duction in the electric propagator and the enhancement
in the magnetic propagator to be somehow averaged out
as the electric (magnetic) gluon propagator enters the
loop for the magnetic (electric) polarization. To take
into account such effects one must perform the renor-
malization group (RG) improvement. We postpone such
analyses to our future project.
VI. PHENOMENOLOGICAL INSPECTION OF
NON-PERTURBATIVE EFFECTS
We have seen in the previous section that the one-loop
result is not satisfactory in reproducing the lattice data.
A part of the reasons is the lack of the RG improve-
ment which is still within the perturbative framework.
Another possible missing piece is non-perturbative mod-
ifications of the gluon mass. Such effects should appear
when we construct the gap equations for the gluon mass
that contain gluon loops [31]. Solving the gap equations
is beyond the scope of this work, but in this section we
examine how large the in-medium gluon masses can be.
To examine the possible impacts of non-perturbative
modifications of gluon masses, we fit the lattice data in
medium by modifying the parameter mg in the one-loop
result from the vacuum value. We write this new param-
eter m∗g and optimize its value for each µq. We fix the
Zg to the vacuum value. The value of αs is again varied,
but this time we classify its error band for a wider range
of αs; the domain of αs is divided into [0, 1], [1, 2], and
[2, 3], and we attach the error band for each. Meanwhile
we examine only ∆ = 200 MeV as it gives better fit than
the other choices. As we have found in Figs.8 and 9, the
lattice data suggests that the overall structure is similar
in the electric and magnetic sectors. For this reason we
take the same values for m∗g in both sectors at given µq.
The results for the electric and magnetic sectors are
shown in Figs.10 and 11. We found that reasonably
good fits are obtained for both electric and magnetic
sectors when we choose m∗g = (0.7, 0.8, 1.0) GeV for
µq = 636, 745, and 945 MeV, respectively. Compared
to the vacuum value mvacg ' 0.66 GeV, at µq ' 1 GeV
its value is enhanced by ∼ 50%. One might think this
modification is large, but it is much smaller than that
expected from the perturbative framework with mg = 0.
We would say the change is modest.
In principle the evolution of mg as a function of µq
should be determined by solving the gap equations for
the gluon mass. While at one-loop the electric and mag-
netic gluons are protected from the screening effects, we
saw that their finite momentum behaviors are not pro-
tected from the medium effects. As the gap equation uses
the gluon and quark propagators for all momenta, it is
natural to expect that such finite momentum components
modify the structure of the gap equation and thereby the
resulting non-perturbative gluon mass.
Finally we emphasize again that the growth of mg
makes the dependence on αs less significant. As dis-
cussed in the vacuum case this tendency gives us a hope
that proper identification of quasi-particles and the pa-
rameters make the residual interactions under control.
VII. SUMMARY
In this paper we have studied the in-medium gluon
propagator in QC2D by employing the massive YM the-
ory as an effective theory at the energy less than ∼ 1
GeV. While αs is known to be large in the infrared, the
strong coupling effects may be largely absorbed into the
parameters characterizing the quasi-particles in medium,
so that the residual interactions may be under control.
Our studies in this paper indeed indicates that the gluon
mass significantly tempers the αs corrections, compared
to the case of massless gluons.
The study of quasi-particle picture at µq = 0.5-1.0 GeV
is an important step to predict a variety of quantities rele-
vant at the cores of neutron stars where µq = 0.3-0.8 GeV
or the corresponding baryon density may reach ' 10n0.
The pQCD calculations suggested that the matter be-
low µq ' 1 GeV (or nB . 50n0) should be regarded as
strongly correlated matter. The open question is whether
such strongly correlated matter can accommodate quasi-
particles or no such simplification occurs. Meanwhile it is
not unreasonable to expect the validity of quasi-particle
descriptions by referring to the success of constituent
quark models in describing the hadron dynamics; inside
of hadrons the αs used for the interaction is ∼ 1, but the
level splitting due to the one-gluon-exchange can capture
the overall features of the hadron spectroscopy, provided
that the confinement is supplied by collective effects of
gluons (rather than their quasi-particle contributions).
The present work must be significantly improved in
several respects. First, we need to perform the RG im-
provement of the one-loop result by using the in-medium
gluon propagators inside of the loop graphs; by doing
this the electric and magnetic components couple in a
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FIG. 10. (color online) The electric gluon propagator at various chemical potentials. Zg is kept fixed to the vacuum value and
we chose ∆ = 200 MeV. At a given µq the gluon mass is chosen to fit the lattice data points. The impact of the variation of
αs is indicated as the error bands. The vacuum result is also shown for a reference.
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FIG. 11. (color online) The magnetic gluon propagators for the setup same as Fig.10. With larger αs, the polarization effects
enhance more the propagators at finite momenta (the para-magnetic contributions dominate over the dia-magnetic ones). The
difference in ∆ has little impact and is difficult to see in this plot.
nontrivial way and it may explain the similarity of the
electric and magnetic sectors in the lattice results. Sec-
ond, we need to consider the possibility of the non-
perturbative modification of the gluon mass by solving
the gap equation for the gluon mass; by taking into ac-
count the medium modification of finite momentum be-
haviors, the gap equation itself is modified and so does
the solution. Third, we need to estimate the diquark gap,
both by performing theoretical calculations and also by
extracting the value from the lattice results. Finally, we
need to understand better the systematics of the lattice
results, the finite volume effects in particular [48, 49];
according to the current precision the gluon mass in
medium may vary to a factor of two or so. All of these
require hard work but seem doable.
Once successful descriptions are established for QC2D,
one will be able to utilize the understanding for the
quark matter domain to strengthen the constraints for
three-color QCD. In particular the equations of state at
nB & 5-10n0 seems calculable but not much work has
been done based on the up-to-date frameworks for the
non-perturbative physics. Some works toward this di-
rection can be found in Refs.[50–52], but more will be
needed to establish our baseline for the phenomenologi-
cal applications.
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Appendix A: Identities in the massive YM theory
1. The identities for bare fields
In this appendix we review the Slavnov-Taylor (ST)
identity deformed by the gluon mass term in covariant
gauges. We also review the derivation of the Ward-
Takahashi (WT) identities.
We start with the QCD action, SQCD =
∫
x
LQCD
(
∫
x
≡ ∫ d4x) in the Landau gauge. This time we use
the Nakanishi-Lautrup field Ba for the convenience to
discuss the BRS symmetry,
LQCD = − 1
4
GaµνG
µν
a +B
a∂µAaµ +
α
2
(Ba)
2
+c¯ai∂µ(D
µc)a + ψ¯(i /D −mq)ψ . (A1)
We will collectively write fields as Φ =
(Aaµ, B
a, ca, c¯a, ψ, ψ¯). This Lagrangian is invari-
ant under the infinitesimal BRS transformation
Φ → Φ′ = Φ + λδBΦ with λ being an infinitesimal
Grassmann number. Explicitly,
δBA
a
µ = (∂µc
a + gfabcAbµc
c) = (Dµc)
a
δBc
a = − g
2
fabcc
bcc , δB c¯
a = iBa ,
δBψ = igc
aT aψ , δBB
a = 0 . (A2)
We deform the QCD action by adding the gluon mass
term
Lmg =
m2g
2
AµaA
a
µ (A3)
which is not BRS invariant.
A generating functional Z is defined by
Z[J ] = eiW [J ] =
∫
DΦ˜ eiS′QCD[J ] , (A4)
where S′QCD = SQCD + Smg + Ssource, and the action for
the source is
Ssource =
∫
x
Φ˜(x) · J (x) . (A5)
We attached tilde for the fields Φ˜ to emphasize that
they are the integration variables. The fields J =
(Jµa , JB , η
a
c , η¯c, η, η¯) are external ones.
The value of Z[J ] should be independent of our choice
of integration variables Φ˜. Changing variables as Φ˜ =
(λδBΦ˜
′) does not modify SQCD but affects the expression
of Smg + Ssource. Combining these two facts we obtain
the identity∫
x
(∫
DΦ˜ eiS′QCD[J ]
(
δBΦ˜
))
· J
+m2g
∫
x
∫
DΦ˜ eiS′QCD[J ](Dµc˜)aA˜aµ = 0 , (A6)
where we used J = δSsource/δΦ. The identity is valid for
any J . We convert the identity into more useful form by
introducing an effective action Γ[Φ] defined through the
Legendre transformation
Γ[Φ] = W [JΦ]−
∫
x
Φ(x) · JΦ(x) . (A7)
with JΦ is such that Φ = δW/δJ |JΦ . Noting that JΦ =
δΓ/δΦ, and substituting JΦ in place of J , Eq. (A6) leads
to ∫
x
(
δBΦ · δΓ
δΦ
+m2g(D
µc)aAaµ
)
= 0 . (A8)
We will derive a number of identities by differentiating
this equation with respect to Φ, and in the end set Φ
to Φ∗ such that δΓ/δΦ|Φ∗ = 0. Actually for fields being
considered, the expectation values at J = 0 should be
vanishing, so Φ∗ = 0.
Before proceeding further we notice that not all fields
of Φ become independent after the quantum averaging of
Φ˜. The quantum equation of motion, which follows from∫ DΦ˜ δeiS′QCD
δΦ˜
= 0, constrains the field Ba as∫
DΦ˜ eiS′QCD[JΦ]
(
∂µA˜aµ + αB˜
a + JB
)
= 0 , (A9)
which leads to δΓ/δBa = αBa + ∂µAaµ. Below we re-
strict our functional to the hypersurface on which the
fields Ba satisfy αBa = −∂µAaµ; then on this surface
δBb(x)/δAaµ(y) = −α−1δab∂µδ(x− y).
Now we differentiate Eq.(A8) with respect to cb(y) and
Acν(z) and set Φ to Φ∗. At Φ = Φ∗(= 0), among several
terms only the following contributions are non-vanishing,
∫
x
(
δ
(
δBA
a
µ(x)
)
δcb(y)
δ2Γ
δAaµ(x)δA
c
ν(z)
+
δ (δB c¯
a(x))
δAcν(z)
δ2Γ
δc¯a(x)δcb(y)
)∣∣∣∣
Φ∗=0
= −m2gδbc∂νδ(y − z) . (A10)
It leads to the identity
kµ(D
−1)µνbc (k) = δbc
(
m2g −
1
α
k2
)
kν , (A11)
where the dressed propagator is(
D−1
)µν
bc
(k) = F.T.
δ2Γ
δAbµ(x)δA
c
ν(y)
∣∣∣∣
Φ∗=0
. (A12)
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(F.T. represents a Fourier transformation). On the other
hand the tree level propagator is given by
(
D−1tree
)µν
bc
(k) = F.T.
δ2S′QCD
δAbµ(x)δA
c
ν(y)
∣∣∣∣
Φ∗=0
= δbc
{
(−k2 +m2g)gµν +
(
1− 1
α
)
kµkν
}
, (A13)
with which we find the condition on the self-energy
kµ
(
D−1 −D−1tree
)µν
bc
(k) = kµΠ
µν
bc (k) = 0 . (A14)
Due to this condition we may write Πµνbc (k) = k
2PµνΠbc.
This is the transversality condition of the self-energy for
bare fields, or fields renormalized at the UV cutoff.
2. The structure of the self-energies for
renormalized fields
Next we rewrite the identity for the fields renormalized
at some finite scale µR as
Φ = Z
1/2
Φ ΦR = (1 + δZΦ)
1/2
ΦR . (A15)
We also write a bare parameter C as the product of the
renormalization factor ZC and the renormalized param-
eter CR ,
C = ZCCR , (A16)
and split the action as
S′QCD[Φ;C] = S
′
QCD[ΦR;CR] + S
′
counter[ΦR; δZΦ , δC] ,
(A17)
where the latter action contains the counter terms δZΦ
and δC. For example m2g = Zm(m
2
g)R and the cor-
responding counter term is δm2g = (m
2
g)R(ZmZg − 1).
Meanwhile the values of the effective action should be
independent of the renormalization scale so that
Γ[Φ] = ΓR[ΦR] , (A18)
where the apparent form of ΓR is different from Γ so we
attach R. Now using Eqs.(A12) and (A13),
Πµνbc = Z
−1
g F.T.
δ2
(
ΓR − S′QCD[ΦR]− S′counter
)
δ(AR)bµ(x)δ(AR)
c
ν(y)
∣∣∣∣
Φ∗=0
= Z−1g
(
D−1R −D−1R,tree −Πcounter
)µν
bc
. (A19)
So the self-energy for the renormalized fields, ΠR ≡
D−1R −D−1R,tree, can be expressed as
(ΠR)
µν
bc = ZgΠ
µν
bc + δbc (Πcounter)
µν
. (A20)
The self-energy from the counter term is
Πµνcounter = P
µν
(−k2δZg + δm2g)+ kµkνk2 δm2g , (A21)
which is not transverse, but it does not matter in our
Landau gauge treatment. In fact, the dressed propagator
is of the form
(DR)
µν
bc = −δbc
(
Pµν
k2 −m2R,g − (ZgΠ− k2δZ + δm2g)
+
α
k2 − α(m2R,g + δm2g)
kµkν
k2
)
, (A22)
which is transverse in the Landau gauge: α = 0.
3. The identities for vertices
We also derive identities for quark-gluon vertices by
differentiating Eq.(A8) with respect to cb(y), ψ(z), ψ¯(w),
and then set Φ = Φ∗. Only surviving contributions in
this procedure are
∫
x
(
δ
(
δBA
a
µ(x)
)
δcb(y)
δ3Γ
δAaµ(x)δψ(z)δψ¯(w)
+
δ2 (δBψ(x))
δcb(y)δψ(z)
δ2Γ
δψ(x)δψ¯(w)
+
δ2
(
δBψ¯(x)
)
δcb(y)δψ¯(w)
δ2Γ
δψ¯(x)δψ(z)
)∣∣∣∣
Φ∗
= 0 . (A23)
Writing the dressed quark-gluon vertex as
Γµa(x, z, w) =
δ3Γ
δAaµ(x)δψ(z)δψ¯(w)
, (A24)
and take the Fourier transform, the identity is
kµΓaµ(q−, q+) = iS
−1(q−)T a − T aiS−1(q+) + (non Abel) ,
(A25)
where the last term comes from the non-Abelian graphs.
Here q± = q ± k2 , and we have defined the inverse of
the dressed quark propagator S−1(q). We can do the
same calculations for the Nambu-Gor’kov bases and reach
Eq.(34).
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